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The blown film process has been modeled through the transition from 
liquidlike to solidlike behavior at the freeze line. A new constitutive 
equation has been developed that, when incorporated into the the kine- 
matic and dynamic equations that describe the process, for the first 
time yields qualitatively correct predictions of all process variables. It is 
suggested that the demarcation between liquidlike behavior and solid- 
like behavior be altered from the conventional, kinematically based con- 
straint, drl dz = 0, to a rheologically based constraint, the plastic-elas- 
tic transition (PET). The results are qualitive in nature since the material 
is modeled as an elastic solid above the PET instead of as a viscoelas- 
tic material. The model is tested using the polystyrene data of Gupta 
(1981). 
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Introduction 
Tubular film blowing is one of the most important industrial 

techniques for the production of thin, biaxially oriented films. 
As a result, it has received substantial attention in the literature. 
The process, represented in Figure I ,  involves extruding thermo- 
plastic melts through an annular die followed by biaxial stretch- 
ing of the polymer bubble with intensified cooling. 

Our long-term goal in this laboratory is to develop a method 
for predicting the physical properties of the formed film, assum- 
ing that the properties will not change significantly after the 
polymer has essentially cooled to room temperature. This goal 
was defined to try to improve the efficiency of resin and process 
development. It is not uncommon today in new product or pro- 
cess development to make blown film from literally tons of 
experimental resin to determine the effect of process parameters 
on film properties. This situation i s  in part due to the lack of a 
modeling simulation technique that adequately describes the 
process from the die to the nip rolls. We  feel that  the polymer is 
stretched up to the freeze line and then the frozen-in strain par- 
tially relaxes as the polymer continues to cool between the freeze 
line and the nips. I f  this is an appropriate description, it is 
important to extend the simulation through and above the freeze 
line because the time it takes to cool the polymer will influence 
the biaxial structure development and therefore the final physi- 
cal properties of the film. W e  also feel that a rheological model 
that  will quantitatively fit the experimental process data with- 
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out altering the measured process parameters needs to be devel- 
oped. This paper develops a possible approach which may, when 
retincd, ultimately accomplish these goals. 

The process is generally started by capping an annular extru- 
date and sealing the formed bubble with the nip rolls. Air is then 
introduced into the bubble; and the nip rolls and the extruder are 
increased in speed until the process requirements are  met. 
Industrial experience dictates that  the product properties are 
also a function of the frost line height, which is in reality an 
observation of a change in refractive index of the polymer. In 
polyethylene, i t  is often thought to be associated with crystalli- 
zation; however, a frost line comes and goes when producing 
film from amorphous polystyrene. The frost line height and the 
shape of the bubble are influenced by the velocity and tempera- 
ture  of the air  that is applied to the exterior of the bubble by one 
or more annular jets produced by an air ring, as shown by Cao  
and Campbell ( 1989), and influenced by the temperature distri- 
bution across the film, as indicated by Cao  et  al. (1989). 

Essentially all literature models and simulations of the blown 
film process stop a t  the freeze line. The freeze line, as defined by 
Pearson and Petrie ( 1  970b), is a kinematic constraint on the 
film blowing process, the point where the film is parallel to the 
centerline of the bubble, which more or less corresponds to the 
observed frost line. Although observable strain rate ceases a t  the 
freeze/frost line for many resins, the temperature of the poly- 
mer may decrease as much as 130 K as it moves from the freeze 
line to the nip rolls. 

The polymer is considered to be a complex liquid a t  the die 
which undergoes biaxial stretching and cooling. The polymer 
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Figure 1. Blown film line. 

then changes to a solidlike state in  the vicinity of the freeze/frost 
line. As a viscoelastic material, polymers remember their stress- 
strain-temperature history. Creep recovery during the time it 
takes to cool the polymer would be expected to affect any prop- 
erties that are structure dependent. Gupta (1981) found that the 
freeze line for polystyrene was 40-60 K above the glass transi- 
tion temperature. It would be expected that substantial changes 
in structure occur during the time that the polystyrene polymer 
was cooled approximately 130 K to room temperature. The 
basic assumption used in the present analysis is that the polymer 
is stretched up to the freeze line and then the frozen-in orienta- 
tion partially relaxes, as the polymer continues to cool as it 
moves through the freeze zone to the nips. To test this concept, it 
will be necessary to extend the simulation through and above the 
freeze line because the time it takes to cool the polymer will 
influence the biaxial structure development and therefore the 
final physical properties of the film. 

Since the classical analysis of Pearson and Petrie 
( 197021, b. c) first present a theoretical framework for under- 
standing the blown film process from the view point of fluid 
mechanics. various rheological models have been incorporated 
i n  simulations, such as the Newtonian model by Petrie (l975), 
the power law model by Han and Park (1975) and the crystalli- 
zation modcl by Kanai and White (l985), the Maxwell-model 
by Petri, (1973) and Wagner (1976), the Leonov model by Luo 
and Tanner ( 1985), and the Marrucci model by Cain and Denn 
(1988). All of these simulations were reported from the die to 
the conventional freeze line. It is understood that a liquidlike 
model cannot be used to describe the behavior of the film above 
the freeze line, since the polymer becomes solidlike. However, a 
solidlike model, for example the Hookean model, should not be 
used i n  conjunction with a liquidlike model unless there is a nat- 
ural shift bctween the two models. In this paper, we propose a 
model that makes such a natural transition. 

Process Analysis 
In  the course of developing a model for the entire simulation 

from the die to the nip rolls, we at  first attempt to introduce the 
classical Bingham ,model into the analysis, since a yield stress 

can be used to explain why there is no deformation above the 
freeze line even though there are still stresses present in the film 
(Campbell and Cao, 1987). The Bingham model produced a 
straight bubble contour above the freeze line, but rheologically 
it was too simple. As a result, the process parameters such as the 
take-up force or the inflation pressure had to be changed by a 
factor of 2 or 3 to make the model fit the literature data. Since 
there is no time-derivative of stress in the Bingham model, the 
transient characteristics of the blown film process were not 
described by the model. 

This led us to consider the development of a new model by 
introducing the concept of yield into viscoleastic models. Below 
the freeze line, the polymer is considered to be a viscoelastic 
fluid and above the freeze line it is assumed to be an elastic solid. 
This is an oversimplification since the polymers are actually vis- 
coelastic solids. After evaluating several models, we observed 
that the bubble shape above the freeze line was still predicted to 
either collapse or expand rapidly, similar to other viscoelastic 
models. A model sensitivity analysis indicated that the modulus 
based on the reported data was not large enough to maintain the 
bubble radius at a reasonably constant value above the freeze 
line. The need for a larger effective modulus in the vicinity of the 
freeze line led us to consider strain hardening effects, which may 
cause a significant increase in the modulus and viscosity of poly- 
mers undergoing extensional flow. We quantified the strain har- 
dening effects using the concept of polymer chain alignment. In  
this preliminary analysis, our newly designed model is neither 
based on molecular arguments, nor on a strict derivation from 
continuum mechanics. Instead, the model is a phenomenological 
modification of the Maxwell model. The following sections 
explain in detail the proposed model that appears to provide 
many of the correct trends in the vicinity of the free7e line when 
incorporated in the simulation of the blown film process. 

Strain hardening 
We would like to incorporate a quantitative prediction in our 

constitutive equation of the effect of strain hardening. In  uniax- 
ial and biaxial elongation, the stress may increase very rapidly in 
excess of the level predicted by the theory of linear viscoelastici- 
ty. Increases in stress of two or three orders of magnitude occur- 
ring at some time after the start of the motion at a constant 
deformation rate have been reported by Meissner (1971). This 
phenomenon is often called strain hardening. It is not seen in 
steady shear, since the polymer chains are essentially in a neu- 
tral alignment in a shear field. It is widely accepted that strain 
hardening is most likely due to the alignment of molecules in the 
direction(s) of stretching. To characterize the extent of the 
alignment, Larson (1988) suggested using the following crite- 
ria: 

I, - I, > 0 

I, - I, = 0 

I, - I, < 0 

strongly aligning 

neutrally aligning 

weakly aligning 

where I, and I, are the first and the second invariants of the Fin- 
ger tensor. C-’ ( r ,  t ’ ) .  

I, = rrC(t, t’) (2)  
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For an incompressible fluid, the second invariant of the Fin- 
ger tensor is equal to a trace of the Cauchy-Green tensor, 
C ( t ,  f), an inverse of the Finger tensor. The measure, I, - I* ,  
was called alignment strength. According to these criteria, uni- 
axial extension is strongly aligning due to molecules orienting 
along a single axis. Biaxial extension is thought to be weakly 
aligning, since the molecules are stretched in two perpendicular 
directions. Planar extension and simple shear fall into the cate- 
gory of neutral alignment, because both have a neutral axis, 
with stretching and compression along the other two axes. As 
pointed out by Larson (1988), most viscoelastic models, such as 
the Giesekus (1982) and PTT (Phan-Tanner, 1977) models, are 
not sensitive to alignment strength. Larson’s definition of align- 
ment strength yields a negative alignment strength in a biaxial 
elongational flow. Since the molecular alignment generally 
increases with the development of strain in both uniaxial and 
biaxial extension, we feel that a definition of positive definite 
alignment strength is physically more appealing and mathemat- 
ically more convenient to incorporate in a constitutive equation. 
In the course of defining a positive definite alignment strength, 
we do not simply impose an absolute value sign on the Larson 
alignment strength, / I ,  - 121r because it would produce the 
same alignment strength for both uniaxial and equal-biaxial 
extension for equivalent strains. Experiments show strong align- 
ment of molecules in uniaxial extension and weaker alignment 
in equal-biaxial extension. This leads us to seek a model that can 
predict the strain hardening for both uniaxial and biaxial exten- 
sion through an application of alignment strength. Starting with 
the concepts introduced by Larson, we introduce an alternative 
definition of alignment strength that is subsequently used in our 
constitutive model: 

(3) 

The newly defined alignment strength is positive definite. 
Nonequivalent values of the alignment strength for strain in uni- 
axial and equal-biaxial extension are due to the term, I ,  / I,. As 
illustrated in Figure 2, the alignment strength based on this defi- 
nition is much stronger for uniaxial extension than that for 
equal-biaxial extension. Larson’s alignment strength in uniaxial 
extension is also plotted against strain, in Figure 2. Although 
our definition of the alignment strength is different from Lar- 
son’s mathematically, we believe they are physically consistent. 
In fact, we have used Larson’s physical concepts-strong align- 
ment in  uniaxial elongational flow, neutral alignment in planar 
and shear flow, and weak alignment in biaxial elongational 
flow-to develop our model. 

Plastic-elastic transition 
In the blown film process the stretch ratios in  the radial and 

machine directions can be up to 8:1 and 80:1, respectively. This 
is well beyond the traditional limits of linear viscoelasticity. 
Therefore we propose that the total deformation the polymer 
material experiences may be decomposed into a recoverable 
elastic part and unrecoverable plastic part. We define a plastic- 
elastic transition zone (PET). Below the PET, plastic deforma- 
tion is expected to dominate. Above the PET, the material is 
essentially solidified such that elastic deformation would be 
expected to dominate. In  our analysis the freeze line and the 
PET do not necessarily coincide. The demarcation between liq- 
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Figure 2. Alignment strength, 4,  in elongational flows. 

uidlike behavior and solidlike behavior is altered from the con- 
ventional kinematically based constraint to a rheologically 
based constraint, the plastic-elastic transition. 

To accomplish this, we used a yield stress as the criterion. The 
concept of yield in polymers is different from that in metals and 
has been somewhat controversial for past few years. Using the 
reasoning of Hartnett and Hu (1989), we believe that yield 
stress in the blown film process may be considered an engineer- 
ing reality. Yielding behavior has been investigated for both 
partially crystallized polymers, reported by Hartmann and Cole 
( I  983) and Chow ( I  987), and amorphous polymers, reported by 
Bedtty and Weaver (1978) and Chow (1987). In  the present 
study, yield stress is treated as a function of temperature, strain 
rate, and alignment strength. We use the term “effective yield 
stress” to distinguish it from conventional yield stress in the 
Bingham plastic model. In  the blown film process, the yield 
stress is very small at the die, since the temperature is high and 
the alignment strength is low. But near the PET, the effective 
yield stress increases rapidly due to decreasing temperature and 
increasing alignment strength. l n  the present study, the effective 
yield stress is defined specifically as: 

where Y is the conventional yield stress, a function of tempera- 
ture only; C, is an empirical constant; fi, is the second invar- 
iant of deformation rate tensor; and tc/ is the alignment strength 
defined in Eq. 3. The structure memory function {, Eq. 5 ,  is 
introduced to quantify the combined effects of alignment and 
elongation rate on yield stress. Analogous to the conventional 
memory function, a factor, exp [ - ( t  - ?’)/Aes) is inserted into 
the integral to account for the relaxation of the alignment 
strength. According to Eq. 5 ,  the structure memory function is 
zero for an undeformed material. The introduction of fiD into 
the structure memory function, {, is to lead to a relaxation time 
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analogous to the one defined in the White-Metzner (1963) mod- 
el. which possesses the characteristic of thermodynamic irre- 
versibility. The effective relaxation time is discussed in the next 
section. Rapid growth of the alignment strength due to polymer 
orientation causes the structure memory function to increase 
very rapidly. We feel that the use of a yield criterion is physi- 
cally reasonable, since in the blown film process there appears to 
be no measurable strain rate above the frost line, even though 
there are relatively large stresses in the two stretching direc- 
tions. 

Eflective relaxation time 
Blowing film is essentially a transient process with respect to 

strcsx growth. I t  is known that it generally takes only 1-4 s for a 
material clement to move from the die to the freeze line. During 
this time a stress field is built up inside the polymer film. Most 
experimental results indicate that the viscosity of polymer melts 
incrcascs a t  least one order of magnitude from the onset of 
motion unt i l  reaching a kinematic equilibrium in a period of 
about two  seconds. The generalized Newtonian models were not 
able t o  describe the stress growth phenomenon, since there is no 
time-derivative involved in those constitutive equations. There- 
fore, i t  may not be proper to use equilibrium values of the mate- 
rial functions based on those models in  the simulation. Viscoe- 
lastic models contain a time-derivative of stress, but some, such 
as the Maxwell model, are thermodynamically reversible, as 
pointed by Larson ( 1988). At infinitely large deformation rate, 
the Maxwell model reduces to the elastic limit. Other models 
which addresb irreversible flow are rheologically independent of 
the alignment strength, such as the White-Metzner model. In  
order to develop a constitutive equation that is time dependent, 
tbcrmodynaniically irreversible, and incorporates strain harden- 
ing, we delinc an effective relaxation time that is associated with 
the time-derivative of stress. 

To achieve this goal, an effective modulus is defined in a simi- 
lar way to thc etfective yield stress: 

where G is the conventional modulus, a function of temperature 
only. The ctyeciive modulus is enhanced by increasing align- 
ment strength and deformation rate as a result of elongational 
fow. Combining the viscosity, effective yield stress, and effec- 
tive modulus leads to effective relaxation time: 

(7) 

Equation 7 is analogous to the conventional definition of relaxa- 
tion time, a ratio of viscosity to modulus. Equation 8 is analo- 
gous to the definition of viscosity in the Bingham model. Since 
the etrective yield stress and modulus are functions of deforma- 
tion rate and  the alignment strength as defined in Eqs. 4-6, the 
effective reliixation time is also dependent on deformation rate 
and alignment strength. At very high deformation rates, the 
elfective relaxation time approaches zero, similar to White- 
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Metzner model behavior. No matter how fast the deformation 
occurs, stress relaxation always exists immediately after the 
deformation and the model will never reduce to the elastic limit, 
u = GE. Therefore, the model is thermodynamically irrevers- 
ible. The effective relaxation time depends strongly on the align- 
ment strength, especially near the plastic-elastic transition zone 
where the relaxation time approaches infinity due to the denom- 
inator in  Eq. 8 approaching zero. An infinitely large relaxation 
time implies that the plastic deformation is terminated and elas- 
tic deformation will then dominate. 

Kinematics and dynamics 
The kinematic and dynamic analysis of the blown film process 

was developed by Pearson and Petrie (1970b) using a surface 
coordinate system, Figure 3 .  The three principle directions- 
machine direction, normal direction, and circumferential direc- 
tion-are denoted using 1, 2, and 3, respectively. The origin of 
the coordinate system is located on the inner surface of the film 
and "flows" downstream with the movement of the film. The 
deformation rate tensor in this coordinate system can be 
expressed in term of the film velocity, v, the bubble radius, r,  the 
film thickness, h, the axial angle of the film contour, 8, and the 
distance from the die, z :  

D = Z] cos 0 
1 dh 

0 -- 
h dz 

1 dr 
0 0 -- 

r di 

(9) 

The dynamic analysis of the blown film process is more 
appropriately called a static analysis, since the inertial term is 
ignored in the analysis due to the low Reynolds number for the 
polymer flow in the blown film process. The static equilibrium 
equations i n  the two stretching directions were established by 
Pearson and Petrie ( 1  970b) 

Zrrhu, , cos B + TAP ( r j  ~ r 2 )  = F- 

Figure 3. Surface coordinates. 
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total stress tensor: 
( 1  1)  

sec38 
d r / d z 2  

R,= -7 

R, = r sec 0 (13) 

The effects of gravity and surface tension are neglected here, 
but discussed by Petrie ( 1  975). 

Constitutive equations 
Our constitutive model is cast as: 

a,, = -pd,, + T,, 
we find the following governing equations below the PET: 

[; ::) U' 
u ; ,  - 2UIl - + 2p - - - 

7.1 

The first part of the above equation is a modified Maxwell 
model and the second part is a modified Hookean model. We 
utilize the convective derivative, T[,,, as defined by Bird et al. 
( 1  977). The effective relaxation time, A,, effective viscosity, 
v e f ,  effective modulus, G ,  and effective yield stress, Yef,  are 
defined in Eqs. 4-8. A spatial coordinate system is used for the 
deformation rate tensor, D, and a material coordinate system is 
used for the strain tensor, E, defined as the Hencky strain above 
the PET. The reference configuration for the strain tensor is the 
unstressed state of the material. The relaxation time in our con- 
stitutive model is a function of the alignment strength, which 
depends on the Finger tensor, C-'. The Finger tensor, which was 
used by Petrie (1975), Wagner (1978) and Winter (1982) for 
the blown film process, is cast as: 

The model shifts from the liquidlike to the solidlike behavior 
at the PET when the effective yield stress is equal to the square 
root of three times the second invariant of the stress tensor, that 
is, the Vohn-Mises yield condition (Hill, 1950) is satisfied. 
Under different conditions, the proposed model will translate to 
several different models: If the structure memory function { is 
equal to zero, the governing equation reduces to the original 
Maxwell model. If the relaxation time is equal to zero, the gov- 
erning equation reduces to the Bingham model. If both the 
structure memory function {and the relaxation time are equal to 
zero, the governing equation reduces to the Newtonian model. 
Finally, if  the yield stress is always larger than the imposed 
stress the constitutive model reduces to the Hookean model. 

System equations and boundary conditions 
below the PET 

Upon substituion of the irreversible portion of the constitutive 
equation, Eq. 14, and the deformation rate tensor, Eq. 9, into the 

where the prime denotes d l d z .  
Recognizing that 

r' = tan 0 (20) 

we can rewrite Eq. 1 1  as: 

With the aid of Eq. 21, the axial force balance, Eq. 10 is recast 
as a differential equation: 

(22) 

The energy balance as addressed by Petrie (1974, 1975), and 
Han and Park (1975) can be represented as: 

pC,hzlcosBT'= - U ( T -  T,) - ht(T4 - T : )  (23) 

where T, is the temperature of the cooling air; p the density; C, 
the specific heat; U is the heat transfer coefficient due to convec- 
tion, assumed to be a constant in our analysis for simplicity; h is 
the Stefan-Boltzmann constant; and e is the emissivity of the 
film. Luo and Tanner (l985), and Cain and Denn (l988), added 
a dissipation term in the energy balance. In the present study the 
dissipation term is considered to be very small and thus can be 
ignored. Kanai and White (1983) also added another term to the 
energy balance to account for the latent heat in crystalline poly- 
mers. Since the present study is focused on amorphous polymers 
only, we do not need to include this term. 

The system equations for the blown film process based on our 
viscoplastic-elastic constitutive model are Eqs. 17-23, seven dif- 
ferential equations. Seven unknowns, all, C J ~ ~ , ~ ,  r ,  h, 0, and Tare 
obtained by solving the system equations simultaneously. The 
velocity, u, is an unknown in the system equations, but it can be 
eliminated by using an equation of continuity: 

where, the polymer flow rate, m, is a constant for steady state. 
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Differentiating Eq. 22 and assuming a constant density of the 
polymer leads to 

u' h' r' 
- + - + - = 0. v h r  

Equation 25 has been used to eliminate u' in the system equa- 
tions. 

Seven boundary conditions are associated with the system 
equations. Four of them a t  the die are: 

F, + TAP(.; - r;) 
27rh0r0 cos Oo mII [ d i e  = 

where the subscript 0 refers to the die. Since the initial angle, O,, 
and blow-up riiticr are unknowns, we do not really know c l l l d i e .  

Therefore, we take 8" as a parameter, as have been done previ- 
ously by Luo and Tanner (1986) and Cain and Denn (1988). At 
the PET, we shift governing equations from the modified Max- 
well model to the modified Hookean model. Three more boun- 
dary conditions are  the used: r, u, and 8 change continuously 
through the shift of the governing equations. The continuous 
change of 0 means that the derivative of the bubble radius with 
respect to distance from the die, r', is a continuous function a t  
the PET. Although we also desire u' to be a continuous function 
a t  the PET to get a smooth velocity profile, we cannot take it as a 
boundary condition; otherwise, the problem will be overspeci- 
ticd. 

T o  carry out  the simulation using the shooting method and 
starting from the die, the initial values of the stress components, 
n3)ldre and pldrr ,  must be specified. They are  treated as two 
parameters in the present work. Luo and Tanner (1985) pointed 
out that the result of the simultation was not very sensitive to 
these two parameters. We  assign pldle = 0 (as Luo and Tanner 
did) and adjust nj,ldie to optimize the solution. 

To find the alignment strength, vslues for the components of 
the Finger tensor are required. The Finger tensor a t  the die, 
C '(0. f), is assumed to be a unit tensor. I n  other words, all pre- 
vious deformation history inside the die and the extruder is 
neglected and the polymer is assumed to be in a natural state 
when it leaves the die. This assumption is very rough. Since the 
polymer experiences a shearing stress inside the die, it cannot 
recover to the natural state immediately. However, since steady 
shear has little effect on the alignment strength of polymer 
chains, we  may assign a value of zero to the alignment strength 
by assuming the Finger tensor is unit tensor. Future studies on 
the strain memory function inside the die may improve the simu- 
lation results. 

System equations and boundary condition 
above the PET 

to the solidlike and the elastic strain components are obtained: 
At the PET. the constitutive model shifts from the liquidlike 

where subscript p denotes the values a t  the PET. 
Above the PET, the change of angle is expected to be very 

small due to the high effective modulus. We  may then simplify 
the model equations by assuming 8' = 0 such that Eq. 21 leads 
to 

The film contour angle above the freeze line, 8, is further 
assumed to be a small constant, slighly different from zero. 
These assumptions should be verified after the predicted bubble 
contour is found. The governing equations above the plastic 
transition are then found to be: 

with 

h 
E,, = E,,Ip + In - 

h P  

(33) 

(34) 

Equations 10, 23, and 29 to 31 represent the system equations 
above the PET, six equations for six unknowns, mi,, C T , ~ ,  p ,  r, h, 
and T. These system equations are not differential equations 
and can be solved without boundary (initial) conditions except 
the energy equation, Eq. 23. Temperature a t  the plastic transi- 
tion point is used in conjunction with Eq. 23 to solve for temper- 
ature profile above the plastic transition. 

Results and Discussion 
Very few data are available in the literature on film blowing 

of amorphous polymers. We, like Luo and Tanner ( 1  986) and 
Cain and Denn (1988), use the experimental data of Gupta 
( 1  981), which is probably the only available data on amorphous 
polymers. Since the bubble radius, velocity profile, and temper- 
ature profile were all simultaneously measured and the resin, a 
product of Dow Chemical Co. was well characterized, the poly- 
styrene resin data will provide some insight. This can only be 
considered to be a partial evaluation because the data a t  best 
extend only to the freeze line. Although typical industrial blow- 
up ratios are  2.5 to 8.0 for amorphous polymers, the maximum 
reported blow-up ratio in these data is 1.8. We  will test the 
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model on only those data with a reported blow-up ratio greater 
than one (runs 17-20). 

Gupta ( 1  98 I ) reported the temperature-dependcnt modulus 
and viscosity of the sample to be: m 40.0 * 

G = 8 x lo4 + (393 - T )  x lo3 Pa (36) 

q = 8.8 x 104exp 18,904 - ~ - Pa s (37) [ (k  4i3)] 
Previous investigators modified some of these values in their 

attempts to fit the blown film simulation to the data of Gupta. 
Both Luo and Tanner, and Cain and Denn increased the mod- 
ulus that Gupta reported by a factor of 2.5 when incorporating 
the data in their simulations. We used values for the modulus 
that were 1.51, 1.636, and 1.649 times larger than reported 
value for runs 18, 19, and 20, respectively. We were not success- 
ful in  simulating Gupta's run  17 without making major modifi- 
cations in the process parameters. The simulation results for this 
run are not included in the paper. For viscosity, we used the 
same expression given by Gupta, Eq. 37. Previous investigators 
also altered the viscosity equation; for example, Luo and Tanner 
seemed to use a viscosity four times larger than Gupta's, accord- 
ing to Eqs. 39 and 49 in their paper. The equilibrium yield stress 
and its temperature dependence were not reported in Gupta's 
study. They have been treated as two parameters in our simula- 
tion. This of course adds to the adjustable parameters. We use: 

where the activation energy of yield is assumed to be similar to 
that of viscosity. It should be pointed out that these parameters 
were not adjusted for each run, and in fact the simulation result 
is not very sensitive to the value of the equilibrium yield stress. 
Varying the yield stress over a range of 550% may cause the 
predicted PET to move up or down with respect to the die with- 
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Figure 4a. Predicted bubble radius. 
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Figure 4b. Predicted film velocity. 

out much change in bubble shape if  other parameters are 
slightly adjusted. 

The hardening constant, Ch, defined in Eq. 5 ,  is another 
parameter. We have assigned a value of 0.06 to it in the simula- 
tion of Gupta's data, and find that it produces a fit. The harden- 
ing constant is also not adjusted with the run number. 

Figures 4a, 4b, and 4c are presented as a comparison of the 
measured and the predicted bubble shape, velocity profile, and 
temperature profile for Gupta's run 20. This set of data was used 
by both Luo and Tanner, and Cain and Denn. The observation 
that the bubble radius initially decreases then rapidly increases 
and linally levels off is fairly well predicted. In our simulation, 
above the plastic transition, the bubble radius is not predicted to 
collapse to 7ero as was the case for the liquidlike models. 
Instead, the radius increases slowly at  a decreasing rate and 

firco-plautic-elastic model 
;uptags data of PS, run 20 

1 1 1 1 1 - 1 1 1 1 ' ' "  I I I * I ,  

10 
Distance from the Die, Dimensionless 

Figure 4c. Predicted temperature profile. 
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approaches an essentially straight bubble contour from the con- 
ventional freeze line up to the nips. Similarly good simulation 
results are produced for runs 18 and 19. It appears that the pre- 
dicted film vclocity is continuous at  the PET but its first-order 
derivative is not continuous and the sign of the second-order 
derivative is opposite below and above the PET. This is due to 
the nature of the step functions of the constitutive equation; this 
model cannot guarantee consistency in the derivatives of veloc- 
ity when shafting the governing equations. 

In previously reported simulations, Luo and Tanner, and Cain 
and Denn, altered the process parameters in order to obtain a fit 
to the data when evaluating their models. In contrast, we use the 
experimentally reported values of measured take-up force and 
intlation pressure in all simulations (runs 18-20). The heat 
transfer coefficient i s  assumed to be a constant, 5.4 W/m' - K ,  
which is higher than 4 W/m' - K used by Luo and Tanner, and 
1.6 W/m' . k' by Cain and Denn. Even then, the predicted tem- 
perature does not decrease fast enough to fit the data, Figure 4c. 
The temperature a t  the PET for runs 18, 19, and 20 is a t  about 
147, 156, and 1 5S0C, respectively. In all of these cases, the 
PET'S are at temperatures well above the reported glass transi- 
tion temperature of 93 to 100°C for polystyrene, and their 
respective positions are close to the freeze line heights reported 
by Gupta. 

The parameters which we adjusted in the simulation with the 
number of samples are initial angle of the film contour, initial 
hoop stress, and a factor to modify modulus, C, 

G ~ CG[8 x lo4 + (393 - T )  x lo3] Pa (39) 

Their values are listed in Table 1. 
Unlike the bubble radius and temperature, the simulated 

velocity is not a monotonic function and it tends to increase in 
the vicinity of the plastic transition before decreasing to an equi- 
librium value above the freeze line. The simulated results, for 
example in Figure 4b, are found to differ from the experimental 
data by up to about 10%. It follows that the film is predicted to 
shrink in the axial direction. The combined effect of the changes 
in bubble radius and velocity above the plastic transition results 

Table 1 .  Parameters in the Simulation Using the Current 
Model 

Parameter Run 18 Run 19 Run 20 

C ,  1.51 1.636 1.649 
flI:-O -0.16 -0.12 -0.16 

(TII I z-0 0.54 0.45 0.42 

F,. g 226 240 217 
Ap,  kPa 0.186 0.196 0.216 
m, kg/s 0.262 x lo-' 0.239 x lo-' 0.290 x 

TIz-o. "C I85 I 84 185 

Parameters Held Constant for All Runs 

Hardening constant, C,, = 0.06 
Heat transfer coefficient, U = 5.4 kW/m2 * K 
Film thickness at die, h, = 0.1016 cm 
Bubble radius at die, r, = 1.27 cm 
Film density, p = 1.05 g/cm' 
Heat capacity, c, = 1,910 J/kg . K 

n 

0 
E 

W 

E 
E 

5 

Figure 5. Predicted film thickness. 

in  a slightly thicker film at the nip rolls than that at the freeze 
line, as shown in Figure 5. It would be of interest to test this 
prediction on the blown film line. However, the reported data 
stop at or below the freeze line and to accomplish this we would 
require an on-line thickness gauge that is temperature indepen- 
dent to check the thickness as a function of position. Such an 
instrument is not available at this time. 

In analyzing the simulation results, it would be of interest to 
see how the the structure memory function, 5; develops as the 
material is stretched from the die to the nip rolls, since this 
information may ultimately correlate with the physical proper- 
ties of the film. Figure 6 illustrates the profile of the structure 
memory function. It is similar in  shape to the velocity profile. 
The results indicate that the value of the structure memory 
function rapidly increases from the die to the PET, and then 
softens a little. If this can be measured experimentally, it will be 

run 18 
run 19 
run 20 
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Figure 6. Structure memory function, <, profiles. 

AIChE Journal March 1990 Vol. 36, No. 3 427 



- .--_-_- 
. - -  

D 

E 10 
/-- 

/--- 

___--- 0 

_.-- 
/--- 0 __-- .- ___--- 0 

0 X _________------ 0 0 :I - E 0 " 1  _ _ - - _  J #  / 4 0 0 0 

0.1 ~ ' " " ' " " " " " ' " ' " ' " ~ ' ' " ' '  4 a 12 
Distance from the Die, Dimensionless 

Figure 7. Relaxation time. 

a significant prediction, since the quality of the film may be 
related to the structure. 

From a rheological point of view, the change in relaxation 
time should be of interest when compared with other definitions. 
Our effective relaxation time, defined in Eq. 7. is plotted with 
the conventional relaxation time, defined as X = s /G (using 
Gupta's data),  and modified relaxation time, defined as h = a/ 
2.5G (using Luo and Tanner's modified modulus of Gupta).  
Figure 7, for run 20, is representative of the relaxation times 
used in the simulations. The conventional relaxation time and 
the modified relaxation time are monotonic functions of the dis- 
tance from the die since they are  monotonic functions of temper- 
ature, and temperature decreases almost linearly as the distance 
from the die increases. In  contrast, the predicted effective relax- 

s n  

- Current model ._-_--_ Yield stress=O 
. - - -  (=0 (Maxwell model) 
. - -h,,=O (Newtonian model) 

m 

Figure 8a. Influence of parameters on predicted bubble 
radius. 
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Figure 8b. Influence of parameters on predicted film ve- 
locity. 

ation time displays a complex behavior, increasing and decreas- 
ing and then increasing again very rapidly. At the PET, the 
erective relaxation time goes to infinity. The effective relaxa- 
tion is, by our definition, not only a function of temperature but 
also a function of stress and the structure memory function. 
which depends o n  strain and strain rate. 

Introducing the concepts of the strain hardening and yield 
stress also introduces parameters into the model. It is of interest 
to examine the utility of those parameters by removing them 
from the constitutive equation. The results of this exercise are 
presented graphically i n  Figures 8a-c. The results labeled Cur- 
rent niodel are  the same results we presented previously for run 
20 of Gupta.  One of the key changes that we incorporated in the 
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Figure 8c. Influence of parameters on predicted film 
thickness. 
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Maxwell model is yield stress. The argument as to the existence 
of the yield stress leads us to examine the effect of the yield 
stress on the simulation result. When we set the yield stress 
equal to zero. a similar bubble radius is predicted while quite 
different film thicknesses and velocities are produced; the film 
thickness approaches zero and the velocity appears to be 
increasing rapidly and appears to be unbounded. This is not 
proof of the existence of yield stress, but it shows that yield 
stress. as an engineering tool, does improve the simulation. 
These results suggest a mechanistic response relating the rhe- 
ology to the process variables. When the yield stress was 
removed but the strain hardening effect on the modulus was 
retained i n  the simulation, the radius was found to follow the 
experimental result while the velocity was found to deviate from 
the observed process characteristics up to the reported freeze 
line. This suggests that  the bubble radius is dominated by the 
modulus of the material as simulated by the constitutive equa- 
tion. However, the velocity seems to be most closely related to 
the viscous component in the constitutive equation blow the 
freeze line or the PET. The influence of yield stress on the film 
velocity through effective viscosity appears to cause the film 
velocity to approach a limit as the effective yield stress increases 
rapidly due to the decreasing temperature and increasing orien- 
tation. 

Another ke) change that we introduced into the Maxwell 
model is ;I so-called structure memory function, {. This parame- 
ter, when combined with the modulus and yield stress, is used to 
indicate the effect of molecular orientation on the rheological 
properties. Wc remove this change by setting the strain harden- 
ing constant, ( h ,  equal to zero in Eq. 5 .  This reduces the consti- 
tutive equation to  the conventional Maxwell model. We  observe 
that none of the predicted results, bubble radius, film thickness, 
or velocity cven qualitatively resemble Gupta’s data if { = 0, as 
shown i n  Figures 8a-c. The radius goes through a maximum, 
the lilm thickness goes through a minimum, and the velocity 
appears to be unbounded. 

As we pointed our  previously, our model reduces to the New- 
tonian modcl i f  the effective relaxation time is eaual to zero. In  

ters were used in the entire simulation from the die to a point 
well beyond the reported freeze line, with results that  compare 
well with the limited literature data.  
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Notation 
C = Cauchy-Green tensor 

C-’  = Finger tensor, Eq. 15  
C, = modulus constant, Eq. 39 
C, = hardening constant, Eq. 5 
C,, = heat capacity, J / k g .  K 
D = deformation rate tensor, Eq. 9 
E = strain tensor, Eq. 14 

F, = take-up force, g 
G = modulus, Pa 
h = film thickness. cm 

I ,  = first invariant of Finger tensor 
I ,  = second invariant of Finger tensor 
m = polymer flow rate, K , / s  
p = thermodynamic pressure, Pa 

Ap = inflation pressure, Pa 
r = bubble radius, cm 

K, = principle radius of curvature, Eq. I 3  
R ,  = principle radius of curvature, Eq. 12  

t = time. s 
f‘ = time. s 
T = temperature, K or “C 
To = ambient temperature, K 
U = heat transfer coefficient, W / m 2  . K 
11 = film velocity, c m / s  
Y = yield stress, Pa 
2 = distance from the die, cm 

Creek letters 
6,, = unit  tensor 

c = emissivity, Eq. 23 
j- = structure memory function. Eq. 5 
7 = viscosity. Pa . s 
B = axial angle of the bubble contour, natural value 

Figures 8a c we plot the predictions using the same set of 
parameters except for A, = 0. It appears that the bubble radius 
and the lilni vclocity increase very rapidly and are unbounded. 

= t ime,s  
X = Stefan-Boltzmann constant, 5.67 x 1 0 - 8 W / m Z  . K‘ 
[ = coordinate measure, em 
o = densitv. plcm3 

2 “ I  

Adjusting the magnitude of the viscosity or the operating r = total stress tensor, fa 
paramcters such as inflation pressure will predict a collapsing of 
the bubble above the freeze line. 

= Stress tensor, Pa 
$ = alignment strength, Eq. 3 

II, = second invariant of deformation rate tensor 
II, = second invariant of stress tensor 

Summary 
The above analysis has produced results that are consistent 

with our goals. First. we have a model that  allows a natural shift 

Subscvi!’fs 
0 = value at the die - 

from liquidlike to solidlike behavior in the vicinity of the freeze 
line. Second. the rheological model used leads to the use of 
unaltered process parameters in the simulation. The proposed 

e f =  effective value 
f- v a l u e  a t  the freeze line 
p = value at the plastic-elastic transition 

viscoplastic-elastic model incorporates the strain hardening phe- 
nomenon through an argument of the alignment strength. An 

r e l a x a t i o n  t ime  is defined to characterize the transient 
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